Abstract. Formulas are presented for an incompressible inviscid velocity field V with a vorticity field Ω outside of a rigid sphere and for the far-field sound generation. The velocity V is expressed as the sum of an image velocity v * and a known velocity v in 3 , which is induced by the same vorticity field Ω outside the sphere and the extension Ω = 0 inside. We derive formulas for the image velocity v * and the corresponding image potential Φ * , which in turn yields the far-field sound. These formulas are applied to define the velocity of a slender vortex filament in the presence of a rigid sphere and the associated far-field sound.
Introduction.
The image of a potential flow induced by a rigid sphere was presented by Weiss in 1944 [1] . Here, we quote his results to prepare for the extension to a rotational flow. Let Φ 0 (x) be a velocity potential with singularities outside the sphere S (r = |x| = a). Then the potential solution Φ due to the presence of the sphere S can be written as In terms of the spherical coordinates (r, θ, φ), the image Φ * takes the form given in [2] , (2) Φ * (r, θ, φ) = 1 a a 2 /r 0 ∂ r Φ 0 (r , θ, φ) r dr .
It was shown in [1] that Φ * fulfills the requirements: {1} Φ * is regular and harmonic for r ≥ a. {2} Φ * = O(r −2 ) for large r. {3} Φ * satisfies the boundary condition, ∂ r Φ * + ∂ r Φ 0 = 0 on r = a. Since a 2 /r < a for r > a, (2) says that {4} the image Φ * outside the sphere depends only on the potential Φ 0 inside the sphere.
Now we consider an incompressible inviscid flow in
3 with a vorticity field Ω(t, x) that vanishes inside the sphere S and decays exponentially in r = |x| in the far field. The velocity field v may be rotational outside of S, where Ω may differ from zero, with (3) ∇ × v = Ω, but is irrotational inside S,
∇ × v = Ω = 0 for r ≤ a.
A standard procedure is to decompose the velocity field into two parts [3] ,
where A denotes the divergence-free vector potential induced by Ω and ψ the background velocity potential with singularities outside S. The background potential ψ is prescribed independent of the vorticity field and its image is given by Weiss's formula (2) . Therefore, it suffices to study the image of the rotational flow v without a background potential flow, i.e., ( 
5) ψ(t, x) = 0 and v(t, x) = ∇ × A(t, x).
In relating v to Ω, we are not dealing with the evolution of the vorticity field so we shall omit the t-dependency similar to what is done in [1] . Since ∆A = −Ω, the vector potential A is related to Ω by the Poisson integral
3 Ω(y) |x − y| dV and the velocity is related to the vorticity by
where dV = dy 1 dy 2 dy 3 . Because of (4), the domain of integration can be reduced to R = |y| ≥ a. If Ω is of bounded support, then the domain of integration is reduced to the support of Ω. The corresponding velocity field becomes a potential flow on and inside S. Thus there exists a velocity potential Φ 0 (x), such that v = ∇ × A = ∇Φ 0 and ∆Φ 0 = 0, for r ≤ a. Since v is defined by (6) in 3 , we can define Φ 0 by the integral of the radial velocity component along the radial line y = r r from the origin to x = rr
We could construct the potential Φ 0 inside the sphere using (7), and then use Weiss's formula (2) to define the image Φ * outside of the sphere. Consequently, Φ * will be defined by a double integral ofr · v, which in turn is defined by a triple integral of Ω in (6) . We can then reduce this 5-tuple integral of Ω to a triple integral.
Instead of doing this in section 2, we shall recast Weiss's formula for an irrotational flow as a simple formula for the image of the radial velocity component and then use the latter to derive the image of a rotational flow due to the sphere, a potential flow defined by a triple integral of Ω. We then use the asymptotic matching procedure detailed in [4, 5] to derive the expression for the far-field sound generated by the vorticity field in the presence of the sphere. In section 3 we apply the formulas to define the velocity of a slender filament outside a sphere and the far-field sound.
Comparison of the current analysis with that of Lighthill [6] for a vortex element is then presented. As a consequence of the comparison, we derive in the appendix an alternate formula for the vortical flow, showing that the velocity field is defined by only two components of vorticity, say the transverse vorticity vector.
2. Analysis. Let (u, v, w) denote the three components of velocity in spherical coordinates. From Weiss's formula (2) we get the image radial velocity
wherer = a 2 /r is the mirror image of r. Sincer < a when r > a, (8) says that {5} the image radial velocity u * outside of the sphere is equal to − a 3 /r 3 times the original radial velocity u 0 at the mirror image point inside the sphere. Now we identify u * as the radial velocity of potential Φ * , i.e., u * (r, θ, φ) = ∂ r Φ * (r, θ, φ), and obtain
wherer = a 2 /r . Thus (9) is equivalent to (2) . Consequently, we have that {6} the image radial velocity u * defined by (8) represents the radial velocity of a potential flow Φ * outside of the sphere S, fulfilling the requirements {1}, {2}, and {3}. The rotational flow field v in the space that we are considering is regular and irrotational inside the sphere S, because of (4), and hence the formula for the image radial velocity (8) remains applicable.
First we use (6) to relate the radial component of v to the vorticity field
where Υ denotes the transverse vorticity vector
Here we made use of the fact thatr(θ, φ) is the unit vector of x and the radial vorticity vector (Ω ·ŷ)ŷ is parallel toŷ, the unit vector of y. In (10), the dependence of u on r appears implicitly via the distance
where R = |y|, µ(θ, φ) = cos β =r(θ, φ) ·ŷ, and β denotes the angle between the position vectors x and y. Withr = a 2 /r, we haver < a for r > a and the point x * =rr inside S is the spherical mirror image of the point x outside. We then apply (8) or rule {5} to define the radial component of the image velocity v * outside of S. The result is
and λ =r R = a 2 rR .
Using (9), the corresponding image potential outside S is
Note that G is an elementary function of λ and µ that depends only on R = |y|, r = |x|, and the angle β between these two position vectors. Thus, the image potential outside S is a volume integral over the support of the vorticity field with integrand regular. From (15), we observe that {7} the image potential Φ * is independent of the radial vorticity component. In the integrand of the volume integral in (15), the transverse component of the vector inside the square bracket can be interpreted as the image potential of a vortex element of unit strength induced by the sphere. The dependence of Φ * on the two spherical coordinates θ, φ of x appears only throughr, which is seen explicitly in the integrand and implicitly via µ in G, while the dependence on r appears only through λ in G. We can compute the θ-and φ-components of the image velocity from the components of ∇Φ * . These two components together with the radial component, u * in (13), define the image velocity v * regular outside the rigid sphere. However, the vortical flow v in 3 is usually expressed in Cartesian coordinates. To obtain the resultant velocity V = v + v * , we derive equations for the Cartesian components of the image velocity, i.e., ∇Φ * ,
for j = 1, 2, 3, where
To obtain the far-field sound induced by the image potential, we need the farfield behavior of Φ * , i.e., where r/a 1 and show its dependence on time t. With λ = a 2 /(rR) = O(r −1 ) and µ =r ·ŷ, we have in the far field
and the far-field image potential (20)
The first term represents doublets with strengths 
where τ = t − r/C = t −r/(MC) denotes the retarded time, ρ is the ambient density, and M 1 is a typical Mach number of the vortical flow. The leading term in (23) is O(M 2 ) representing dipoles, and the second one is O(M 3 ) representing quadrupoles. In the absence of the sphere, the resultant far-field doublet strength of a vortical flow is given by the first moment of vorticity in 3 . The first moment was shown to be time invariant by Moreau [7] using the first moment of the vorticity evolution equation. Thus the far-field doublet strength is independent of t and the corresponding dipole sound vanishes. The leading term in the acoustic field is O(M 3 ) representing quadrupoles [4, 5] . Now in the presence of a rigid sphere, Moreau's theorem is no longer applicable. The first moment of vorticity Ω is time dependent because the vorticity field is now convected by the image velocity v * in addition to v. Furthermore, the contribution of the image potential to the doublet is defined by the weighted vorticity first moment (21). Both the unsteady vector potential A induced by the vorticity field and the image potential Φ * contribute to dipole sound. It follows that {8} the acoustic field induced by a vortical flow in the presence of the sphere is one order stronger than that in absence of the sphere. We now point out the effect of a shift of origin by O( ) on the far-field sound. The effect appears in the change of r = |x| by O( /r) and in the strengths of the dipoles and quadrupoles.
For a vortical flow in 3 , the dipole strength, i.e., the first moment of vorticity, is independent of t and also of the shift of origin. This is true because the volume integral of vorticity is zero. A shift of origin will change the strengths of quadrupoles, i.e., the second moments of vorticity, by O(1). But these changes are independent of t because the first moments are time invariant. Thus, a shift of origin will change the acoustic pressure prediction by only O( /r) = O(M /r).
For a vortical flow outside a rigid body, e.g., a sphere, the image solution (15) and hence the convective velocity depend on the choice of the origin. Consequently, a shift of origin by O( ) will change the strengths of the far-field dipoles and quadrupoles of the vortical field plus the image potential flow by O(1). Thus for the computation of the strengths, the origin has to coincide with that for the vortical flow, i.e., the center of the sphere.
We also note that the above representation of the acoustic dipole in terms of the first moment of vorticity provides an attractive alternative to the classical results of Powell [8] , in which the acoustic dipole is expressed in terms of an area integral over the surface distribution of Bernoulli pressure. In particular, the present formulation avoids the need to perform delicate and time-consuming determination of the Bernoulli pressure, which generally requires inverting a pressure Poisson equation or integrating the momentum equation along solid surfaces.
In the next section, we apply the formulas for the image velocity, potential, and acoustic field, (10) to (23), to the special case that the vorticity is highly concentrated in the core of a slender vortex filament.
A slender vortex filament outside a sphere.
Consider the vector potential A induced by a slender vortex filament of strength or circulation Γ. Let X(s) denote the position vector of the centerline C of a slender vortex filament of length L and s denote the arc length of C (at instant t). For a point x at a distance from C much larger than the core size δ the leading-order velocity term in (6) is given by the line Biot-Savart integral
where |x − X| = O(1) δ, dX(s) =τ(s) ds, andτ(s) denotes the unit tangent vector of C at X(s). The volume integral over the support of Ω in (6) is reduced to the line integral along C in (24) by the following approximation rule:
{9} Replace y by X, the vortex volume element Ω(y) dV by the vortex line element ΓdX(s). We assume that the filament lies outside of the sphere r = a, with a = O(1), and the distance between the filament and the sphere is much larger than the typical vortical core size δ and the boundary layer thickness around the sphere. Thus, we have
This condition is consistent with (4); i.e., the support of Ω lies outside the sphere. By omitting the boundary layer, i.e., assuming the Reynolds number R e 1, the formulas derived in the preceding section for the image velocity, potential, and far-field sound are applicable. Using the rule of approximations {9}, we identifyŷ asX, R = |y| as R = |X|, and µ = cos β =r ·X and keep the same definition for r = A 2 /r and the definitions of λ and Z(λ, µ) by (14). Equation (15) for the image potential becomes
Thus, the image potential Φ * (x) outside the sphere is a line integral along C with integrand regular. From (26), we arrive at the following observation corresponding to {7}:
{10} In the integrand of the line integral for the image potential Φ * , (26), the tangential component of the vector inside the square bracket can be interpreted as the image potential of a tangential vortex element of unit strength induced by the sphere. Formula (17) for the components of the image velocity v * becomes
for j = 1, 2, 3. The three partial derivatives in the integrand are defined by (18a), (18b), and (18c) with y replaced by X. The image velocity is regular outside the sphere, in particular on the centerline C; therefore the velocity of the filament in the presence of the sphere is
where q denotes the velocity induced by the filament alone. It depends on the core structure and the finite part of the Biot-Savart integral [4] . The contribution of the image potential to the far-field pressure due to the presence of the sphere can be found from (23) using the following expressions for the strengths of doublets and quadrupoles
In 1956, Lighthill [6] constructed the image of a given vortex element J located at X outside of the sphere, e.g., a segment of a vortex line C, with J = ΓdX(s) and |X| > a, so that the resultant velocity V induced by the vortex element J outside and the image vorticity W inside the sphere has zero radial component on the sphere. It was duly noted that a radial vorticity vector does not induce radial velocity on the sphere. The radial velocity induced by the transverse vortex element outside of the sphere can only be cancelled by an image transverse element scaled by −a/R located at the inverse point a 2 X/R 2 with R = |X|. To make the image vorticity field inside the sphere divergence-free, an image radial vortex element at the inverse point and a radial line vortex extending from the inverse point to the origin are needed. The major effort of [6] is devoted to applying the divergence-free condition to a distributed vorticity field and then interpreting the result for the vortex element by physical reasoning.
When the vorticity field Ω outside the sphere is a vortex line C, the image vorticity field W inside the sphere is composed of a line distribution of vorticity along the image of C plus a conical vortex surface with the origin as its vertex and the image of C as the baseline. However, the velocity V induced by the combined vorticity field Ω + W in 3 can be expressed as a line integral along C and the "algebraic complexity of the integrand is not increased by a factor more than three over that of the Biot-Savart integral for Ω alone." The formulas for the three Cartesian components of V in [6] are in agreement with the formulas (17) given above. The formula coming from (15) shows that the additional or image velocity v * due to the sphere depends only on the transverse vorticity field outside of the sphere. The derivation presented here is straightforward because it makes use of the fact that the image velocity v * outside of the sphere is irrotational and Weiss's theorem [1] is recast as equation (8) relating the radial component u * of v * directly to that of v inside the sphere, where v is irrotational. From the image radial component u * , we obtain the image potential and the corresponding acoustic potential and pressure.
In hindsight, we could say that the determination of the relatively complex radial image vorticity field, making the vorticity field W divergence-free, is not needed to define the additional velocity v * . It is needed [6] when we apply the formula (6) to define the velocity induced by the vorticity field or the Biot-Savart formula for a vortex line. In general, one can modify the formula so that the velocity is defined by only two components of the vorticity field, as shown in the appendix.
We also note that we can use Lighthill's formula for the velocity V induced by the vorticity field Ω + W in 3 , with the rigid sphere replaced by the image W inside the sphere. We can then derive the corresponding acoustic potential,Φ at instant t, and find that the leading terms are dipoles with strengths given by the first moments of Ω + W over 3 and are equivalent to those defined above. The vorticity evolution equation with convective velocity V defines the temporal variation of the vorticity field Ω outside of the sphere while the image field W inside the sphere at each instant is given by Lighthill's formula. Thus we cannot apply Moreau's theorem to the first moments Ω + W in 3 and cannot conclude that the dipole strengths are time-invariant, producing zero acoustic pressure.
Conclusion.
We study the flow field V(t, x) induced by a vorticity field Ω(t, x) outside a sphere |x| = a. We write V = v + v * , where v represents the vortical flow induced by Ω in 3 without the sphere while v * represents the additional or image flow due to the presence of the sphere. At each instant, v is related to Ω by (6), via the vector potential A given by the Poisson integral of Ω. The image velocity is a potential flow with radial velocity on the sphere cancelling that of v. The image potential Φ * is related directly to Ω by (15). To derive this formula we note that the support of Ω is outside the sphere. Therefore, v is irrotational and Weiss's theorem, which defines the image of a potential flow due to a sphere, is applicable. To simplify the derivation of (15), we recast Weiss's theorem as equation (8) relating the radial image velocity u * at a point x outside the sphere to the radial component of V at the image point of x inside the sphere. Using (8) for u * or ∂ r Φ * we arrive at (15) and (17) for the image potential Φ * and velocity v * . The evolution of the vortical field is now governed by the vorticity transport equation with the convective velocity v + v * related to Ω by the integral equations (8) and (17). From the far-field behavior of Φ * (t, x) we obtain the acoustic potentialΦ * and then (23) for the contribution of the image potential to the far-field sound. Evaluation of this contribution requires the time derivative of Ω and, hence, the solution of the vorticity evolution equation. It is shown that the presence of the sphere induces dipole and quadrupole sound; in contrast, a vortical flow v in 3 radiates quadrupole sound only. Formulas derived in section 2 are applied in section 3 to define the velocity of a slender vortex filament and far-field sound due to the motion of the filament in the presence of a sphere.
Appendix. An alternate formula for the vortical flow. This representation is applicable to a more general setting, i.e., to a divergence-free vector field v(x) when ∇ × v = Ω(y) is specified. Here we shall assume a weaker far-field condition on Ω
instead of the stronger condition of exponential decay in |x| or of bounded support. The standard formula for v is
Since Ω is divergence-free, we need only to specify two components of Ω and use the third component to fulfill the divergence-free condition. We shall derive a formula relating the velocity to two vorticity components and, hence, eliminate the need of solving for the third component.
Here we consider the vector field in spherical coordinates r, θ, φ, with x = rr(θ, φ) and denote the three components of Ω by ξ, η, and ζ, i.e., (A3) Ω = ξr + Υ = ξr + ηθ + ζφ.
Here Υ denotes the transverse vector. When the transverse vector or the two components, η and ζ, of Ω are specified, the radial component ξ is defined by the divergencefree condition (A4) sin θ∂ r (r 2 ξ) + r∂ θ (η sin θ) + r∂ φ ζ = 0 and the far-field condition. To derive a formula for v depending only on Υ, we first decompose the triple integral in (A2) into two integrals, involving the radial and transverse vectors of Ω, respectively. The result is where µ =r ·ŷ = cos θ cos θ + sin θ sin θ cos(φ − φ ). Note that the radial vorticity appears only in the first triple integral in (A3) and that µ andŷ depend only on θ and φ but not on R. We then carry out integration by parts in dR to replace the first triple integral by
Now we use the divergence-free condition to replace the term ∂ R (R 2 ξ) in the integrand above and rewrite (A5) as Thus, we arrive at an equation for the vector field v depending only on the two transverse components of Ω. In principle, we can remove the θ -and φ -derivatives of the transverse components in the first triple integral by integration by parts, but we shall not do it here because it may be easier to carry out the numerical integration in the present form than the new one. At any rate, it is clear that we can derive an alternate formula for v in terms of two components of Ω in either Cartesian coordinates or cylindrical coordinates.
